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Pre-recombination acoustic oscillations induce non-adiabatic perturbations between baryons and
dark matter, corresponding to a constant relative-density δbc and decaying relative-velocity pertur-
bation vbc. Due to their significant large-scale correlations and prominent baryon acoustic oscillation
(BAO) features, these modes are potentially important for the use of the BAO as standard ruler. We
present a complete treatment of the effects of the baryon-CDM perturbations on galaxy clustering
in the context of a rigorous perturbative bias expansion. The leading effects are proportional to δbc
and θbc = ∂iv
i
bc. We estimate the magnitude of these terms through the excursion set approach. The
contribution from v2bc, which has attracted significant attention recently, contributes at subleading
(1-loop) order. The relative-density contribution δbc is expected to be by far the largest contribution.
We also point out contributions to the galaxy velocity bias, the largest of which is simply vbc, leading
to a term ∝ µ2θbc in the redshift-space galaxy power spectrum P sg (k, µ). Complete expressions of
the galaxy power spectrum at 1-loop order are given, which contain several new terms.
I. INTRODUCTION
Our Universe contains two dominant matter compo-
nents: cold dark matter (CDM, c) and baryons (b, i.e. all
non-relativistic standard model particles). In studies of
structure formation, we commonly treat these two fluids
as a single, comoving matter fluid (or, a collection of col-
lisionless particles). However, the coupling of baryons to
radiation in the primordial plasma before recombination
leads to relative perturbations in density and velocity
of the baryon and CDM components. While significant
initially, these perturbations grow less rapidly than the
adiabatic growing mode and hence are very small in the
low-redshift universe. However, since these perturbations
have significant large-scale correlations, they are poten-
tially detectable through their imprint in the clustering
of galaxies on large scales. Moreover, they retain a sig-
nificantly stronger imprint of the BAO feature than the
adiabatic growing mode, so that they are of relevance
for the use of the BAO feature in the galaxy two-point
function as a standard ruler [1, 2].
Let us consider the evolution of baryons and CDM
after baryon-photon decoupling, approximating both as
pressureless fluids, which is appropriate on sufficiently
large scales. The evolution of two such fluids coupled by
gravity is described by the Euler and continuity equa-
tions. Restricting to linear order in perturbations (the
fully nonlinear case will be discussed in Sec. III), these
simply become
∂
∂τ
δs = − θs , s ∈ {b, c}
∂
∂τ
θs +Hθs = − 3
2
Ωm(a)H2δm , (1)
where δs ≡ δρs/ρ¯s is the fractional density perturbation
in species s, θs = ∂jv
j
s is the fluid velocity divergence of
species s, while δm = (Ωbδb+ Ωcδc)/Ωm is the total mat-
ter density perturbation. Further, τ denotes conformal
time defined through dt = adτ , and H = d ln a/dτ = aH
is the conformal Hubble rate. Throughout we work in
units where the speed of light c = 1. We also use the
density parameters today Ωs = 8piGρ¯s(t0)/(3H
2
0 ), and
the total matter density parameter Ωm = Ωb + Ωc. Fi-
nally, the baryon fraction is fb = Ωb/Ωm. It is useful to
combine these equations and to rewrite them in terms
of δm and the relative fractional density perturbation
δr = δb − δc:
∂2
∂τ2
δm +H ∂
∂τ
δm − 3
2
Ωm(a)H2δm = 0
∂2
∂τ2
δr +H ∂
∂τ
δr = 0 . (2)
Clearly, at linear order the evolution of the total matter
density perturbation δm and the relative density pertur-
bation between the two fluids decouples. This is not sur-
prising, as the only relevant force included here is gravity,
which does not care about δr by way of the weak equiva-
lence principle. We now immediately obtain the general
solution of these two decoupled ODE as
δm(τ) =A+D+(τ) +A−H(τ)
δr(τ) =R+ +R−Dr(τ) , (3)
where A±, R± are constants and
Dr(τ) ≡ H−10
∫ ∞
τ
dτ ′
a(τ ′)
=
∫ ∞
ln a(τ)
d ln a′
a′2H(a′)/H0
. (4)
Note that during matter domination, where the universe
is closely approximated by the Einstein-de Sitter solu-
tion, this approaches Dr = −2a−1/2.
We see from Eq. (3) that δm contains the two well-
known growing and decaying modes ∝ A± of adiabatic
perturbations [3]. A third mode ∝ R+ ≡ δbc is a constant
compensated perturbation δρc = −δρb, corresponding to
δm = 0 while δr 6= 0 [4–6]. This mode can be seen as
modulating the local baryon-CDM ratio, (Ωb/Ωc)loc =
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2Ωb/Ωc(1 + δbc). The significance of the fourth decaying
mode ∝ R− becomes clear by considering
θbc
H ≡
θb − θc
H = R−
H0
a2H(a)
, R− =
θbc,0
H0
, (5)
where θbc,0 ≡ θbc(z = 0). Thus, this mode corresponds
to an initial relative velocity vbc ∝ 1/a between the two
fluids.
With few exceptions [7–10], studies of structure for-
mation using perturbation theory and N-body simula-
tions have focused on the adiabatic growing mode A+.
Ref. [11] pointed out that pre-recombination plasma
waves (baryon acoustic oscillations, BAO) lead to a sig-
nificant relative velocity vbc (also referred to as streaming
velocity) at the epoch of baryon-photon decoupling τdec.
This can leave an imprint in low-redshift structure which
assembled out of low-mass halos at high redshifts [12–
16]. Similarly, the R+-mode is also sourced during re-
combination [5]. Both R− and R+ have significant large-
scale correlations and in particular large BAO features
(Fig. 3). For convenience, we will refer to the constant
relative density mode R+ and the decaying relative ve-
locity mode R− jointly as baryon-CDM perturbations in
the following.
Since galaxy formation depends sensitively on both
baryons and CDM, it is crucial to include these modes
when making predictions for galaxy clustering.1 The goal
of this paper is to provide a recipe for a complete de-
scription of these effects within a rigorous perturbation
theory approach (renormalized bias expansion [17–19],
which can be seen as an effective field theory [20, 21]).
As an example, we derive the galaxy auto and cross
power spectra including the leading nonlinear (1-loop)
correction. Moreover, we provide quantitative estimates
of the bias parameters that control the magnitude of the
baryon-CDM effects on galaxy clustering.
Previously, of the baryon-CDM perturbations intro-
duced above, only a perfectly uniform streaming velocity
vbc has been considered in detail, that is θbc was set to
zero (but see [22]). vbc itself can only enter at second
order in the galaxy density, since it is a vector, so that
the leading contribution to the fractional galaxy number
density perturbation is [12–16]
δg(x, τ) ≡ ng(x, τ)
n¯g(τ)
− 1 ⊃ bbcv2(τ)
[
v2bc − σ2vbc(τ)
]
, (6)
where σ2vbc(τ) ≡ 〈v2bc〉. In order to assess the quantitative
impact of the term in Eq. (6), we need an estimate for the
bias parameter bbcv2 . Ref. [12] argued that vbc increases
the effective sound speed cs of the neutral gas, so that the
Jeans mass MJ increases by a factor [1+v
2
bc/c
2
s]
3/2. This
1 Throughout this paper, we ignore the decaying mode A−, since it
is not sourced significantly by recombination physics and decays
very rapidly.
δs Density perturbation of species s
δm = fbδb + (1− fb)δc Total matter density perturbation
δr = δb − δc [Eq. (3)] Relative density perturbation
vr = vb − vc Relative velocity
R+ ≡ δbc Initial amplitude of constant
relative density perturbation
R− ≡ H−10 ∂ivibc,0 Initial amplitude of decaying
relative velocity perturbation
TABLE I: Notation for baryon-CDM perturbations adopted
in the paper. Actual relative density and velocity perturba-
tions are denoted with a subscript r, while their initial ampli-
tudes (extrapolated to z = 0 using linear theory) are denoted
with a subscript bc.
leads to large effects on low-mass halos prior to reioniza-
tion, as investigated using small-box simulations in [23–
25]. However, how these are transferred to the number
density of galaxies at low redshifts is unclear. bbcv2 could
be as small as ∼ 10−5σ−2vbc [15, 23]. The fiducial value
adopted in previous studies is [12–15],
bbcv2 ∼ 0.01σ−2vbc(z) ≈ 9.2× 1011 (1 + z)−2 . (7)
at redshifts z . 2. Note that given the non-detection in
current data, bbcv2 cannot be much larger than this [14].
While Eq. (6) can only contribute to the galaxy power
spectrum at 1-loop order, the quantities δbc, θbc discussed
above, corresponding to the modes R+, R−, respectively,
enter at linear order, and are thus the leading effects
unless their bias parameters are highly suppressed com-
pared to bv2 .
So far, we have neglected radiation and anisotropic
stress, which is sufficiently accurate at z . 20 but not at
higher redshifts. While not important for the formation
of structure, this approximation becomes important if
one uses transfer function outputs from Boltzmann codes
at higher redshifts. Instead, one should match the modes
A+, R± from the transfer function output at low redshift.
We discuss this in App. A.
The outline of the paper is as follows. We begin with
the leading, linear galaxy power spectrum on large scales
in Sec. II, and present several estimates for the bias pa-
rameters bbcθ , b
bc
δ appearing at this order. In Sec. III, we
show how a general bias expansion can be constructed
up to any desired order. We also give the complete ex-
pressions for the galaxy-auto and cross power spectra at
1-loop order, performing a renormalization of the bias
parameters in the process. Sec. IV discusses the baryon-
CDM contributions to the galaxy velocity field, which is
important for redshift-space distortions. We conclude in
Sec. V. In the appendix, we discuss how to obtain the
transfer functions for δbc, vbc, and provide some details
on the spherical collapse calculation used.
Our notation is summarized in Table I. Throughout we
set c = 1, and, for numerical results, assume a flat ΛCDM
cosmology with Ωm = 0.27, h = 0.7, Ωbh
2 = 0.023, ns =
30.95, σ8 = 0.791, and transfer functions given by CAMB
[26] (see App. A). This yields for the RMS streaming
velocity σvbc(z) ≡ 〈v2bc〉1/2 = 0.031(1 + z) km/s.
II. GALAXY CLUSTERING AND
BARYON-CDM PERTURBATIONS: LINEAR
ORDER
Our goal is to write the galaxy density perturbation as
δg(x, τ) =
∑
O
bO(τ)O(x, τ) , (8)
where bO(τ) are bias parameters while O(x, τ) denote op-
erators (statistical fields). Since the galaxy density is a
(3-)scalar, the operators O also have to be scalar. More-
over, we classify terms in the expansion in Eq. (8) by
the order in perturbation theory of each operator. Then,
assuming Gaussian initial conditions, only linear order
operators need to be included to obtain the leading ex-
pression for the galaxy two-point function, which we will
present in Sec. II D. On the other hand, the leading non-
linear correction to the galaxy two-point function in per-
turbation theory requires all terms up to third order. We
stress that, while we only provide rough estimates for the
expected magnitude of the bias parameters bO here, the
list of terms appearing in Eq. (8) is dictated by the two
conditions of symmetry and being locally observable and
is thus unambiguous. That is, if all bias parameters are
allowed to be free, the predictions from Eq. (8) are guar-
anteed to accurately describe the data on scales where
perturbation theory is valid.
It is clear from our discussion in Sec. I that, at linear
order, we have to allow for δg to depend on all modes
of the baryon-CDM fluid system. This results in three
terms:
δ(1)g (x, τ) = b1(τ)δ
(1)
m (x, τ) + bR+(τ)R+(q[x, τ ], τ)
+ bR−(τ)R−(q[x, τ ], τ) (9)
= b1(τ)δ
(1)
m (x, τ) + b
bc
θ (τ)θbc(q, τ) + b
bc
δ (τ)δbc(q) ,
where in the second line we have used Eq. (5) and defined
δbc ≡ R+ [whereas δr receives contributions from both
δbc and θbc, Eq. (3)]. Note that R±, θbc, δbc [as well as
vbc in Eq. (6)] are to be evaluated at the Lagrangian
position q[x, τ ] corresponding to (x, τ) [15].2 At linear
order we can neglect this distinction, but it will reappear
in Sec. III. Again, a quadratic term such as Eq. (6) enters
the galaxy two-point function only at subleading (1-loop)
order. Refs. [5, 6] considered the term δbc, while [15]
2 The precisely correct argument is the position of the fluid at
τdec. However, this distinction makes a negligible difference, of
the same order as other nonlinear terms at recombination not
considered here.
introduced the term θbc, albeit with a coefficient which
we will argue to be unphysical in Sec. II C.
In order to assess the quantitative importance of the
new terms in Eq. (9), we need estimates for the bias
parameters bbcθ , b
bc
δ . In the next sections, we will discuss
several such estimates.
A. Bias estimate 1: local Eulerian biasing
We begin by considering a simple toy model, namely
local Eulerian biasing [27, 28]. Let us assume the galaxy
density is a simple local function of the CDM and baryon
densities ρc(x, z), ρm(x, z), smoothed on some small
scale that is not relevant for large-scale statistics. We
can thus write ng(x, z) = Fg[δm(x, z), δr(x, z)]. The lin-
ear bias w.r.t δm is defined as the response of ng to a
long-wavelength perturbation in the total matter, and in
this model is thus given by
b1 =
1
Fg[0]
∂Fg
∂δm
∣∣∣
0
. (10)
Similarly, we define
br =
1
Fg[0]
∂Fg
∂δr
∣∣∣
0
, (11)
which essentially quantifies the response of the galaxy
density to a change in the local baryon-CDM ratio. We
then trivially have bbcδ = br. Since a change in the lo-
cal baryon-CDM ratio changes the total baryonic mass
available to form stars, we expect br to be of order one
for real galaxies. In the remainder of the paper, we will
choose bbcδ = 1 as fiducial value.
In order to derive bbcθ , we note that a nonzero θbc(x, z)
is associated with a nonzero relative density perturbation
derived above, given by Eq. (3),
δr
∣∣∣
θbc
=
θbc,0
H0
Dr(τ) ≈ −2θbc(z)
H0
(1 + z)−1/2 , (12)
where the second relations holds in matter domination.
We then have
bbcθ =
1
n¯g
∂n¯g
∂θbc(z)
∣∣∣
0
= br
∂δr
∂θbc(z)
= −2(1 + z)−1/2H−10 br .
(13)
Thus, assuming br is of order one, b
bc
θ is estimated to be
of order H−10 .
B. Bias estimate 2: excursion set
In order to improve upon this model, we consider the
excursion set approach [29]: the abundance of halos at
fixed mass is proportional to the probability of the ini-
tial density field at a given point first crossing a den-
sity threshold δcrit when lowering the smoothing scale
4from infinity down to the Lagrangian radius R(M) of
those halos. The mean number density of halos n¯h(M) is
then a function of νc = δcrit(z)/σ(M, z), where σ(M, z)
is the square root of the variance of the linear matter
density field at redshift z smoothed on the scale R(M).
The collapse threshold δcrit(z) ≈ 1.7 is usually derived
as the linearly extrapolated initial spherical overdensity
that, when followed fully nonlinearly, collapses at red-
shift z. A long-wavelength matter density perturbation
δ` (in the growing mode) is locally equivalent to reducing
the threshold δcrit → δcrit − δ`, from which we obtain a
prediction for the Lagrangian bias [30, 31]:
bL1 = b1 − 1 = −
1
n¯h(M)
∂n¯h(M)
∂δcrit
. (14)
Thus, if we can derive how the collapse threshold changes
under a long-wavelength perturbation in θbc and δbc, we
obtain an estimate for bbcθ via
bbcθ =
1
n¯h
∂n¯h
∂θbc
= −bL1
∂δcrit
∂θbc
, (15)
and analogously for δbc.
In order to derive δcrit in the presence of baryon-CDM
perturbations, we consider the following setup. We fol-
low a spherical perturbation in the CDM component δc,
which eventually collapses to form a halo at late times.
Assuming that Silk damping has erased density perturba-
tions in the baryon component, we take it to be uniform,
δb = 0, until decoupling at z(τdec) ' 1000; this is a good
approximation for the small-scale perturbations that col-
lapse to halos. Note that this does not erase the effect
of large-scale perturbations in the baryon-CDM ratio δbc,
which are still present in the large-scale environment. Af-
ter decoupling, the baryon fluid is pressureless, but has a
uniform velocity divergence relative to dark matter; here
we set vbc = 0, since at leading order the effects of v
2
bc and
θbc decouple. Ref. [32] study the evolution of a tophat
perturbation in the presence of a uniform relative velocity
vbc.
We further restrict to a tophat (uniform density) per-
turbation δs(τ) of radius Rs(τ), s = c, b. Each shell is
assumed to be surrounded by space devoid of the corre-
sponding matter component (see Fig. 1) out to a com-
pensation radius Ro, where
Ro,s(τ) = [1 + δs(τ)]
1/3Rs(τ) . (16)
Then, the evolution equations reduce to a generalization
of the familiar spherical collapse equation,
R¨s
Rs
= −4piG
3
[ρ¯− 2ρΛ]−Gs , (17)
Gs =
∑
t=c,b
ft
{
δt , Rt ≤ Rs
max{0, (1 + δt)(Rs/Rt)3 − 1} , Rt > Rs ,
where dots denote derivatives with respect to time t and
ft = Ωt/Ωm. Further, during the tophat evolution mass
Ro;cRcRb r
½=¹½
1
Ro;b
FIG. 1: Illustration of the two-fluid (CDM, solid; baryons,
dashed/hatched) spherical collapse setup considered here.
The tophat shell radii Rb, Rc and compensation radii
Ro,b, Ro,c are indicated. The shells have the same initial radii
at τdec, but different overdensities. In the presence of a rela-
tive velocity divergence, Rb and Rc evolve differently.
is conserved so that
1 + δs(τ) = [1 + δs(τin)]
(
[Rs/a](τ)
[Rs/a](τin)
)−3
. (18)
Note that the evolution of two tophat shells with differ-
ent radii is not consistent; that is, the density profiles
will not remain tophat due to the mutual gravitational
interaction. We will ignore this effect and simply follow
the two shells here. Our results are thus approximate,
but sufficient for order-of-magnitude forecasts.
We integrate the equations for Rb, Rc starting from
τin = τdec. This calculation and the initial conditions,
which involve some subtleties, are described in App. B.
The initial conditions need some care, since an initial
relative velocity divergence θbc can induce an unphysical
R+ mode if the latter is not properly nulled. Further,
while the overall scale of the tophat perturbation is arbi-
trary, the ratio Rb(τin)/Rc(τin) is not. After decoupling,
all baryons within the CDM compensation radius Ro,c
[Eq. (16)] depart from their initial velocities and begin
to collapse onto the CDM perturbation. Thus, it would
seem sensible to choose Rb(τin) = Ro,c(τin). However,
one can easily verify that we do not recover linear evolu-
tion from the initial conditions unless Rb(τin) = Rc(τin),
an artefact of fixing the tophat shape of the shells. Since
the collapse threshold is only meaningful if the tophat
density initially follows linear evolution, we thus need to
choose Rb(τin) = Rc(τin) (as chosen in [32, 33]). We then
adjust δc,in so that the CDM shell reaches Rc = 0 at the
desired redshift zcoll; following the baryon shell leads to
identical results, since the two are comoving in the late
stages of collapse. The collapse threshold δcrit is obtained
by integrating the linear growth equation for δm with the
same initial conditions to the same redshift zcoll. Note
that one has to use the linear total matter perturbation
since this is what σ(M, z) refers to in the definition of
νc = δcrit/σ(M, z).
We begin with the case δbc 6= 0 while θbc = 0; this
can be implemented by changing fb in Eq. (17). By con-
5struction, Rb = Rc initially while in this case we also
have R˙b = R˙c. From Eq. (17) we see that the force act-
ing on both shells is the same and hence Rb(τ) = Rc(τ)
holds at all times. This means that the R+-mode δbc
remains constant not only at linear order, but through-
out the nonlinear tophat evolution. Hence, a constant
compensated density perturbation does not change the
collapse threshold, ∂δcrit/∂δbc = 0. This is again an arte-
fact of the double tophat; one can show that δr no longer
remains constant at second order in perturbation theory
[i.e., by solving Eq. (33) below]. In any case, the local
baryon-CDM ratio is still modified, and we expect a order
unity bbcδ for galaxies following Sec. II A.
We now turn to the response of δcrit to θbc. In this
case, even though we start with Rb = Rc at τdec, we have
R˙b−R˙c ∝ θbc so that the shells evolve differently. This in
turn leads to a nontrivial gravitational coupling between
the two shells which influences the collapse. Fig. 6 in
App. B (filled triangles) shows δcrit as a function of θbc.
We fit a linear relation in the range |θbc,0/H0| ≤ 2 · 10−7,
and obtain
∂δcrit
∂(θbc,0/H0)
= −6.8 at z = 1.2 , (19)
with a very small redshift evolution from −7.1 at z = 0
to −6.4 at z = 10.3 The slope is negative, meaning that
the collapse threshold is lower when baryons fall onto the
overdensity with a smaller initial infall velocity than the
CDM which is in the growing mode. This might seem
counterintuitive. Note however that the growth suppres-
sion due to θbc is also contained in the linear growth used
to extrapolate δcrit to low redshifts. Thus, the negative
slope says that the fractional suppression in the nonlinear
growth is smaller than that in the linear growth (similar
results have been found for modified gravity in e.g. [34],
where growth is enhanced but δcrit is reduced).
Eq. (15) then immediately yields our estimate for bbcθ ,
bbcθ (z) = [(1 + z)H0]
−1 ∂δcrit(z)
∂(θbc,0/H0)
(1− b1)
≈ 6.8[(1 + z)H0]−1(b1 − 1) . (20)
Clearly, this is of the same order of magnitude as es-
timated using the simple local bias ansatz in Sec. II A.
Note however the different physics encoded in either ap-
proach: Sec. II A considered the case when the observed
galaxy density depends on the baryon and CDM densi-
ties individually, as is expected since the stellar mass of
a galaxy depends on the overall amount of baryons avail-
able, while the gravitational collapse of halos depends on
the total mass. On the other hand, the estimate derived
in Eq. (20) is based on the purely gravitational effect
3 This result is smaller by a factor ∼ 10 than the number given in
a previous arXiv version of this paper. The differences resulting
in this change are described in App. B.
of the decaying relative-velocity mode on the collapse of
halos. Thus, unlike the effect discussed in Sec. II A, this
effect is already present for halos. The fact that both es-
timates agree at the order-of-magnitude level further sug-
gests that an estimate of bbcθ ∼ H−10 is robust. Eq. (20)
is the fiducial value we will assume for our results in
Sec. II D and Sec. III B.
C. Induced bias from streaming velocity
The estimates for bbcθ provided so far model the bulk
flow effect of a relative velocity divergence. Ref. [15] ar-
gued for a bbcθ induced by the relative velocity effect ∝ v2bc
on very low-mass halos. Specifically, they derived
bB16θ =
2
3
bv2 Ls(z)σ
−1
vbc
(z)
≈ 52H−10
(
bv2
0.01σ−2vbc
)(
D(z)
D(1.2)
2.2
1 + z
)
(21)
where
Ls(z) ≡ σ−1vbc(z)
〈
vibc
∂i
∇2 δ
〉
= σ−1vbc(z)
∫
k
k−2Pδθbc(k, z)
≈ 5.34h−1 Mpc
(
D(z)
D(1.2)
)
. (22)
Here, we have introduced
∫
k
≡ ∫ d3k/(2pi)3 and normal-
ized to z = 1.2. This result was taken from a pertur-
bation theory loop integral (see Sec. III B). At z = 1.2
and for a fiducial value of bv2 = 0.01, this is roughly 8
times larger than the bias predicted from the excursion
set Eq. (20) for b1 = 2. Note also the very different red-
shift scalings, where the prediction of Eq. (20) scales as
bθ ∝ b1(z)(1+z)−1, while Eq. (21) scales as D(z)/(1+z).
Crucially, as discussed in Sec. III B below, the loop in-
tegral leading to bB16θ runs over very small-scale modes
that are not modeled correctly in perturbation theory. In
a consistent perturbative expansion, it is absorbed by a
renormalized bias parameter bθ, whose value is not calcu-
lable within perturbation theory and must be estimated
using models of galaxy and halo formation (such as the
excursion set). Still, it is reasonable to wonder whether
there is in fact a physical contribution to bθ that comes
from the relative velocity effect ∝ v2bc, and is thus related
to bv2 . Such a contribution would be physically indepen-
dent from, and presumably additive to, the bulk velocity
divergence effect estimated using the spherical collapse
calculation above. We now derive which properties this
contribution would have to have.
Consider a galaxy sample whose local number density
ng depends, at a given time τ and among various other
quantities, on v2bc. Specifically, we allow for ng(x) to
depend on v2bc in a finite region around x:
ng(x) =
∫
d3y · · ·Fg[v2bc(x+ y), · · · ;y] . (23)
6Here, the second ellipsis stands for other terms such as
δm(y
′), which each come with an associated convolution
integral
∫
d3y′, as denoted by the first ellipsis. We are in-
terested in the linear response of ng to a long-wavelength
perturbation in the relative velocity, v`bc. Hence, we write
vbc = v
`
bc + v
s
bc , (24)
separating the long- and short-wavelength pieces. At
leading order, vsbc is uncorrelated with v
`
bc. Further, we
are interested in long-wavelength perturbations that are
much larger than the scale R∗ over which galaxies form
(for dark matter halos, this scale is the Lagrangian ra-
dius R∗ = RL(M)). In the present context, R∗ is the
typical extent of the support of the functional kernel Fg
in Eq. (23). Then, we can perform a Taylor series up to
second order in vbc to obtain
ng(x)
∣∣∣
v`bc
− ng(x)
∣∣∣
0
=
∫
d3y
(
∂
∂v2bc
Fg[0, · · · ;y]
)
2vsbc(x+ y) · v`bc(x+ y)
+
∫
d3y
(
∂
∂v2bc
Fg[0, · · · ;y]
)[
v`bc(x+ y)
]2
=
∫
d3y
(
∂
∂v2bc
Fg[0, · · · ;y]
)
vsbc(x+ y) · y × θ`bc(x)
+
∫
d3y
(
∂
∂v2bc
Fg[0, · · · ;y]
)
× (v`bc)2(x)
+O([v`bc]3,∇2θ`bc) . (25)
In the second line, we have used
(v`bc)
i(x+ y) = (v`bc)
i(x) + yk∂k(v
`
bc)
i(x) + · · · . (26)
The first term vanishes at linear order when inserted into
the functional, while of the second term ∝ ∂k(v`bc)i only
the trace part, namely θ`bc remains, in both cases due
to the absence of preferred directions in the small-scale
modes. We have dropped higher derivative terms, which
we will justify below. We clearly obtain a bias with re-
spect to v2bc, given by the ensemble average of the sec-
ond line of Eq. (25) over small-scale modes while keeping
large-scale modes fixed:
bbcv2 =
1
n¯g
〈∫
d3y · · ·
(
∂
∂v2bc
Fg[0, · · · ;y]
)〉
. (27)
Here, we have set x → 0, since the expectation value
is independent of position. We also no longer need to
explicitly restrict to the small-scale component of vbc.
In addition, the first line of Eq. (25) corresponds to an
effective bias w.r.t θbc, which we denote as b
bc,v2
θ , which
is analogously given by
bbc,v
2
θ =
1
n¯g
〈∫
d3y · · ·
(
∂
∂v2bc
Fg[0, · · · ;y]
)
vbc(y) · y
〉
.
Note that to obtain a nonzero value, we need to include
the dependence of Fg on at least one other statistical field
(as the expectation value of any integral over vbc with a
fixed kernel vanishes). The leading expression is obtained
by including a dependence on the local matter density
perturbation δm, Fg → Fg[v2bc, δm;y,y′]. Eq. (23) now
becomes a functional in both v2bc and δm, and the leading
term is
bbc,v
2
θ =
1
n¯g
∫
d3y
∫
d3y′
(
∂2
∂v2bc∂δm
Fg[0, 0;y,y
′]
)
× 〈δm(y′)vbc(y) · y〉
∼ bbcv2 〈δm vbc · y〉Fg . (28)
In the second line of Eq. (28), we have used that the pref-
actor is expected to be of the same order of magnitude
as bbcv2 given in Eq. (27), while the expectation value is
essentially a generalized second moment (with window
function normalized to unity) of δm and vbc · y on the
scale R∗. The physical interpretation of this expression
is the following. The number density of observed galaxies
depends on the distribution of v2bc(y) within a volume of
scale R∗, for example via the effect v2bc has on the abun-
dance of very low-mass halos. The bias bbcv2 corresponds
to the volume average of this dependence (the fact that
bbcv2 quantifies an average over very small-scale effects at
high redshifts is the reason for the significant uncertainty
in its magnitude). Now, a long-wavelength relative ve-
locity divergence θbc induces a nontrivial radial profile in
v2bc. This profile depends on the small-scale contributions
to vbc, and thus averages to zero in the absence of other
perturbations. However, the small-scale relative veloc-
ity correlates with small-scale density perturbations, i.e.
regions within the volume ∼ R3∗ considered with large
density contrast also have larger amplitudes of the rela-
tive velocity on average, and this leads to a net effect of
the induced relative velocity profile and hence θbc on the
galaxy abundance.
In order to obtain a quantitative estimate, we work to
lowest order in perturbation theory, where δm, vbc are
Gaussian fields. Then, the moment in the last line of
Eq. (28) can always be written as
〈δm vbc · y〉Fg = R∗
∫ ∞
0
k2dk
2pi2
WFg (k)k
−1Pδθbc(k) ,
(29)
where WFg (k) is dimensionless and we have pulled out a
factor R∗ since by assumption |y| is of order R∗. If Fg is
a smooth function as expected physically, then WFg (k)
will drop off quickly for k  1/R∗. Furthermore, low-k
modes with k  1/R∗ also cannot contribute to Eq. (29),
since the angle average over vbc ·y for a constant vbc van-
ishes. Thus, in the limit kR∗  1, the kernel has to scale
as WFg (k) = O(k2R2∗); this is easily verified with con-
crete example kernels in Eq. (28). This means that only
modes with k of order R∗ will contribute appreciably to
Eq. (29). Note that this is completely generic, and fol-
lows directly from the derivative expansion in Eq. (25).
That is, any small-scale modes of vbc that contribute to
the physical bias parameter bbcθ cannot be of much larger
7FIG. 2: Various estimates of the bias parameter bbcθ as a func-
tion of bbcv2 . The solid line shows the excursion set estimate
Eq. (20) from Sec. II B, which is independent of bbcv2 . The
shaded band shows the rough range of values expected for the
induced bias from streaming velocity effects on small scales
[Eq. (30)]. The dotted line shows the loop integral derived in
[15] [Eq. (21)] which is argued to be unphysical.
scale than R∗. This continues to hold if one continues
the expansion in derivatives in Eq. (25) to higher order
(yielding terms of order R2n∗ ∂
2nθbc), and is another qual-
itative difference to Eqs. (21)–(22).
In summary, we obtain as an order-of-magnitude esti-
mate
bbc,v
2
θ ∼ bbcv2
(
k2Pδθbc(k)
2pi2
)
k∼pi/R∗
R∗ (30)
∼ 6H−10
(
bv2
0.01σ−2vbc
)
for R∗ ≈ 5h−1 Mpc, z = 1.2 .
Fig. 2 (shaded band) shows the estimate for bbc,v
2
θ as
a function of bbcv2 for a range of spatial scales R∗ =
0.1 − 10h−1 Mpc. Since k2Pδθbc(k) shows significant os-
cillations, we average it over k with a Gaussian kernel
centered on pi/R∗ and with 1D RMS of 2pi/R∗, rather
than taking the value at exactly pi/R∗. In any case, our
estimate of bbc,v
2
θ can only be taken as a rough approx-
imation. Fig. 2 also shows the estimate Eq. (20) from
the previous section, and the result from the loop inte-
gral Eq. (21). Clearly, the latter is much larger than
either of the two physical estimates if bbcv2 & 10−3. The
reason is that the integral in Eq. (22) extends over all
modes (in particular large-scale modes with k  1/R∗),
while we have argued that physically, only modes with
k around 1/R∗ should contribute. Whether the contri-
bution bbc,v
2
θ dominates over the bulk flow contribution
Eq. (20) clearly depends on the value of bbcv2 ; however, for
most of the open parameter space of bbcv2 the contribution
from Eq. (20) is larger.
FIG. 3: Leading baryon-CDM perturbation contributions to
the galaxy power spectrum (absolute magnitude divided by
b1 at z = 1.2), relative to the linear matter power spectrum
(solid: θbc; long-dashed: δbc). Here we have used b
bc
δ = 1
and bbcθ = 6.8/[(1 + z)H0] [Eq. (20), setting b1 = 2]. We
also show the largest of the contributions from the term in
Eq. (6), bbcv2I [δ
(2),v2bc](k), which enter at 1-loop order (short-
dashed; Sec. III B), assuming bbcv2 = 0.01σ
−2
vbc .
D. Galaxy power spectrum at linear order
Using Eq. (9), we can immediately write down the con-
tributions from baryon-CDM perturbations to the linear
galaxy auto and galaxy-matter cross power spectrum:
P lingg (k)
∣∣∣
bc
= 2b1b
bc
θ Pδθbc(k) + 2b1b
bc
δ Pδδbc(k)
+ (bbcθ )
2Pθbcθbc(k) + (b
bc
δ )
2Pδbcδbc(k)
+ 2bbcδ b
bc
θ Pδbcθbc(k)
P lingm(k)
∣∣∣
bc
= bbcθ Pδθbc(k) + b
bc
δ Pδδbc(k) , (31)
where Pxy(k) denote linear cross-power spectra between
the matter density (δ), the relative density perturbation
(δbc = R+) and the relative velocity divergence (θbc =
R−H0). Fig. 3 shows the leading contributions, i.e. those
involving only one power of δbc, θbc, divided by b1 and
the linear matter power spectrum Pδδ(k), at z = 1.2.
We use the transfer function output of CAMB [26], from
which we obtain R+, R− via the matching described in
App. A. Note that both δbc and θbc contributions have a
very similar scale dependence. Clearly, despite the large
value of bbcθ as compared to b
bc
δ , the baryon-CDM density
perturbation δbc is by far the largest contribution, being
roughly scale independent for k & 0.05hMpc−1 at the
level of ∼ 1%. Given that the correlation coefficient of
all the fields δ, δbc, θbc is unity, we also infer immediately
that the contributions in Eq. (31) involving two powers
of δbc, θbc are highly suppressed, and contribute at most
at the ∼ 0.01% level.
8The operator v2bc considered in the previous literature,
being quadratic, only contributes to Pgg(k), Pgm(k) at
the 1-loop level. We will turn to this in Sec. III B. Fig. 3
also shows the largest of the 1-loop contributions ∝ v2bc,
assuming a value bbcv2 = 0.01σ
−2
vbc
at the upper end of the
expected range. It is clearly larger than the contribution
from θbc, but smaller than that from δbc. While these
conclusions depend on the values of the various bias pa-
rameters, we generically expect δbc to provide the largest
baryon-CDM contribution to the galaxy power spectrum.
We will discuss the significance of these contributions for
the BAO standard ruler in Sec. V.
III. GALAXY CLUSTERING AND
BARYON-CDM PERTURBATIONS BEYOND
LINEAR ORDER
We now generalize the results of the previous section
to nonlinear order in perturbation theory. We begin by
deriving all operators that have to be included in the bias
expansion Eq. (8) of a general galaxy sample in the pres-
ence of baryon-CDM perturbations, that is for nonzero
δbc, θbc, vbc. We then provide the complete description
of the 1-loop galaxy power spectrum, i.e. the leading
nonlinear correction to the results of Sec. II D.
A. General bias expansion
The complete bias expansion in the case of Gaussian
initial conditions and perturbations that are exclusively
in the adiabatic growing mode has recently been derived
[17, 21]. We will build on those results. To start, let us
derive the equations for the nonlinear system of the cou-
pled baryon-CDM fluids, i.e. the nonlinear generalization
of Eq. (1). Denoting the velocity of the total matter fluid
as vim = fbv
i
b+(1−fb)vic and defining the convective time
derivative
D
Dτ
≡ ∂
∂τ
+ vim
∂
∂xi
, (32)
we obtain (see also App. C in [15] and [22] for the Eule-
rian expressions)
D
Dτ
δs + θs = − δsθs − gsvir∂iδs (33)(
D
Dτ
+H
)
θs +
3
2
ΩmH2δm = − (∂ivks )2 − gsvir∂iθs ,
where s = b, c and we have introduced the shorthand
gb = 1 − fb and gc = −fb. On the l.h.s. we now have
the standard differential operator for the gravitational
evolution, while the r.h.s. contains the nonlinear terms
due to gravitational evolution and the relative velocity.
It is clear that δm, θm and the relative density and ve-
locity no longer decouple at nonlinear order. Noting
that D/Dτ is invariant under homogeneous but time-
dependent translations (boosts), these equations are ex-
plicitly boost-invariant. That is, all quantities that ap-
pear in Eq. (33) are local observables (note in particular
the absence of vm).
Eq. (33) gives us a strong hint as to which operaters
we should allow to appear in the bias expansion in the
two-fluid system. We have to include vbc, δb, δc as well
as θb, θc and ∂
ivjb , ∂
ivjc in the bias expansion (see also
Sec. 3.1 in [35]). Again, it is convenient to decompose
these in terms of the adiabatic growing mode δm, ∂
ivjm
and the baryon-CDM perturbations R+, R−. The latter
modes are captured in the bias expansion by including
R+(q) and R
i
− ≡
∂iq
∇2q
R−(q) , (34)
and higher spatial derivatives of these quantities (but no
time derivatives, see below). Here q is the Lagrangian
coordinate. Evaluating R± at the Lagrangian position
is in fact required in order to be able to renormalize the
operators consistently [36]. Before proceeding to the gen-
eral bias expansion, we should consider the importance of
spatial derivatives. From Eq. (33) it is clear that R+ and
∂iRj− have the same status as δm, ∂
ivjm. These terms
are thus to be considered as lowest order in derivatives.
Higher spatial derivatives, for example ∂kR+ or ∇2Ri−
are then expected to be suppressed by the same scale
that appears in higher derivative operators of the adia-
batic quantities, for example ∂kδm. This is the spatial
scale R∗, which for halos is of order the Lagrangian ra-
dius, or smaller.
Let us now derive the complete set of operators of the
bias expansion at lowest order in derivatives. Formally,
this is what is obtained in the limit R∗ → 0. We begin
with a recap of the adiabatic growing mode case. The
basis of operators in this case can be conveniently con-
structed out of the tidal tensor Π
[1]
ij ≡ 2∂i∂jΦ/(3ΩmH)2,
which contains the density (trace part) and tidal field.
Here, a superscript [n] denotes operators that start at n-
th order in perturbation theory, while n-th order contri-
butions to an operator are denoted with a superscript (n).
In addition, we have to include convective time deriva-
tives of Π
[1]
ij . We then define
Π
[n]
ij ≡
1
(n− 1)!
[
(Hf)−1 D
Dτ
Π
[n−1]
ij − (n− 1)Π[n−1]ij
]
,
(35)
which by construction is an operator that starts at n-th
order in perturbation theory. The basis then consists of
all scalar combinations of the Π
[n]
ij up to the desired per-
turbative order, with the exception of Tr[Π[n]], n > 1,
which is expressible in terms of lower order operators
[17]. For example, up to third order, we then have the
following list of bias operators for Gaussian initial condi-
9tions [17]:
1st Tr[Π[1]] (36)
2nd Tr[(Π[1])2] , (Tr[Π[1]])2
3rd Tr[(Π[1])3] , Tr[(Π[1])2]Tr[Π[1]] , (Tr[Π[1]])3 ,
Tr[Π[1]Π[2]] ,
where all operators are evaluated at the same Eulerian
position and time (x, τ). These are simply all scalar com-
binations of the matter density and tidal field, with the
exception of the last term in the third line which involves
a time derivative and is, at a fixed time, nonlocally re-
lated to the density and tidal field [17, 21].
We now simply augment the list Eq. (36) by all scalar
combinations of Π
[n]
ij with R+, R
i
−, ∂
jRi−. Unlike for the
quantities δm, ∂
ivjm which grow under gravity, we do not
have to consider time derivatives of R+ and R
i
− in the
bias expansion. To see this, we first allow the galaxy
density at a given point to depend on δr, vr along the
past fluid trajectory leading to this point. Up to any
order in perturbation theory, this relative velocity along
the fluid trajectory can be written as a local function of
R+, R− and the Π[n] (n ≥ 1) appearing in the galaxy
bias expansion. There are corrections from the relative
displacement of the baryon and CDM fluids, encoded in
the terms vir∂iδs, v
i
r∂iθs in Eq. (33); however, these lead
to higher derivative terms which we will discuss below.
Thus, by allowing for R+, ,R− to appear in all combi-
nations with the Π[n], we allow for a general dependence
of the galaxy density on baryon-CDM relative density
and velocity perturbations along the past fluid trajec-
tory. This is similar to the case of non-Gaussian initial
conditions, where an additional field φ(q) appears in the
bias expansion, again without time derivatives [36].
Note that, once all terms at a given order are included,
we can equivalently consider the derivatives acting on R−
[Eq. (34)] as being with respect to Eulerian coordinate
x, since the Jacobian ∂xi/∂qj is expressible in terms of
the other terms included in the general bias expansion.
Defining R− = Ri−, and adopting matrix notation, where
(∇R−)ij ≡ ∂iRj−, we have to augment the list Eq. (36)
up to cubic order by
1st R+(q) , Tr[∇R−](q) (37)
2nd R+Tr[Π
[1]] , (R−)2 , Tr[(∇R−)Π[1]] ,
Tr[∇R−]Tr[Π[1]]
3rd R+Tr[(Π
[1])2] , R+(Tr[Π
[1]])2 , (R−)2Tr[Π[1]] ,
R−Π[1]R− , Tr[(∇R−)(Π[1])2] ,
Tr[(∇R−)Π[1]]Tr[Π[1]] , Tr[∇R−]Tr[(Π[1])2] ,
Tr[∇R−](Tr[Π[1]])2 , Tr[(∇R−)Π[2]] ,
where R± are all evaluated at the Lagrangian position
q[x, τ ] while Π
[n]
ij are evaluated at (x, τ). Here, we have
restricted to terms that are linear in R±. However, we
have kept terms involving (Ri−)
2 ∝ v2bc. The reasoning is
that there is possibly a hierarchy between bbcv2 and b
bc
δ , b
bc
θ
as we have seen in Sec. II. Fig. 3 shows that the terms
that are higher order in R± will be highly suppressed
(although it is straightforward to include them). Fur-
ther, following our discussion about higher derivatives,
we neglect the term Ri−∂iδ, since its bias parameter is
expected to be of order R∗, whereas the coefficient mul-
tiplying (∂iR
i
−)δ is of order H
−1
0 [Eq. (20)]. This type
of term contains the effects of advection of the baryon
fluid with respect to the CDM fluid. Note that the rela-
tive displacement between baryons and CDM generated
by the relative velocity, that is the integral
∫
dτ vbc over
the advection terms on the right-hand side of Eq. (33),
is very small, of order of kpc. In any case, terms of this
type are straightforward to include (see [7], who perform
a resummation of this type of term at higher orders).
We can equivalently express the list in Eq. (37) in a
slightly more familiar form, in terms of the matter density
and tidal field Kij ≡ (∂i∂j/∇2 − δij/3)δm,
1st δbc, θbc
2nd δbcδ, v
2
bc, θbcδ, Kij∂
ivjbc
3d δbcδ
2, δbc(Kij)
2, v2bcδ, Kijv
i
bcv
j
bc, θbcδ
2, θbc(Kij)
2,
δKij∂
ivjbc, KijK
j
k∂
ivkbc, O
bc
nloc , (38)
where from now on we let δ ≡ δm for clarity, and
Obcnloc ≡
8
21
(
∂ivjbc −
1
3
δijθbc
)
∂i∂j
∇2
[
δ2 − 3
2
(Klm)
2
]
.
Up to other cubic terms already included in Eq. (38),
Obcnloc can also be written as (4/5) Tr[R−Π
[2]]. It is clearly
nonlocally related to δ, Kij . This is the first instance of
a convective time derivative appearing in the bias expan-
sion. Equivalently, it can be seen as a generalization of
Γ3 defined in [18].
Apart from v2bc [11, 12], δbc [5], and θbc, δv
2
bc, Kijv
i
bcv
j
bc
[15], all terms in Eqs. (37)–(38) are introduced here for
the first time. In general, each of these terms is associated
with a respective bias parameter that is specific to any
given galaxy sample. However, many of the terms are
linked by similar physics, so we can estimate the order of
magnitude of the bias coefficients that are associated to
each operator:
(i) operators involving R+ = δbc: the coefficients are
expected to be of order one, that is of the same order as
the ordinary, growing-mode bias parameters multiplying
δ, (Kij)
2, · · · . Whether there is an enhancement for rare
massive halos like in the case of the density bias param-
eters is unclear however.
(ii) operators involving vibcv
j
bc: the coefficients of these
terms are expected to be of order bv2 , which as discussed
in Sec. I could be as large as 0.01σ−2vbc , or as small as
10−5σ−2vbc .
(iii) operators involving ∂ivjbc: these include θbc, and
we expect the associated bias parameters to be of similar
order as bbcθ ∼ fewH−10 .
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As we will see in Sec. III B, the hierarchy between the
bias parameters determines which terms are the most rel-
evant in the prediction for galaxy statistics. The poten-
tial large magnitude of bbcv2 compared to what is expected
for the other two classes of terms was already used in
Eqs. (37)–(38), where we keep terms with two powers of
vibc but only one power of δbc, ∂
ivjbc.
In addition to the deterministic operators listed in
Eqs. (37)–(38), there are also stochastic contributions in-
duced by integrating out the small-scale perturbations;
physically, two galaxies in the same large-scale environ-
ment form from different realizations of the small-scale
density field and their properties will correspondingly
scatter around the expectation value. This can be taken
into account consistently in the bias expansion by intro-
ducing stochastic fields O for each operator in the list
Eqs. (36)–(37) [17], where O have zero mean and are
at lowest order in derivatives fully characterized by their
one-point moments. Note that for an n-th order operator
O[n], these terms are order n+ 1 in perturbation theory.
Further, in case of the galaxy two-point function, these
terms are fully captured by including “contact terms”
Pg(k) ⊃ N0 +N2(R∗k)2 +N4(R∗k)4 + · · · [18], which are
already present in the absence of baryon-CDM perturba-
tions. Thus, baryon-CDM perturbations do not add new
stochastic contributions at the two-point function level.
Further, Eqs. (37)–(38) are only complete at lowest
order in spatial derivatives. The fact that galaxy forma-
tion is not perfectly local induces additional operators
with higher spatial derivatives. Essentially, we have to al-
low for any scalar combination of ∂ · · · ∂Π[n]ij , ∂ · · · ∂R+,
and ∂ · · · ∂Ri−. Each derivative comes with the spatial
scale R∗ of galaxy formation. The two leading higher-
derivative operators are
R2∗∇2δbc, R2∗∇2θbc . (39)
Note that we have already included all first order deriva-
tives of vibc in Eqs. (37)–(38), as they are not necessarily
suppressed by R∗ (nevertheless, these terms could con-
tain contributions induced by the nonlocality of galaxy
formation, as described in Sec. II C). Higher-derivative
terms generally become relevant on small scales. For
example, for values of R∗ . 10h−1 Mpc, the terms in
Eq. (39) are comparable to the next-to-leading contribu-
tions from higher order bias terms (see Sec. III B).
Finally, as noted by [15], the fact that R± are evalu-
ated at the Lagrangian position introduces further terms
(again this is analogous to the case for primordial non-
Gaussianity [36, 37]),
2nd : − sk∂kδbc, −sk∂kθbc (40)
3d :
1
2
slsk∂l∂kδbc,
1
2
slsk∂l∂kθbc, −sk∂kv2bc,
− δ sk∂kδbc, −δ sk∂kθbc, −skKij∂k∂ivjbc ,
where s is the displacement from the Lagrangian to Eu-
lerian position, given by si = −∂i/∇2δ at linear order.
Each term in Eq. (40) is multiplied by the bias parameter
of the corresponding leading operator in Eq. (38). They
thus do not introduce additional free parameters.
B. Galaxy power spectrum at 1-loop order
In order to derive the next-to-leading 1-loop contribu-
tion to the galaxy power spectrum, we need to go to third
order in perturbation theory, and consequently need to
consider all terms given in Eq. (38). Throughout, we
only keep terms at linear order in δbc, θbc, as the higher
order terms are highly suppressed (Sec. II D), but keep
quadratic terms in v2bc; the extension to include all non-
linear terms in δbc, θbc is straightforward.
Before presenting the calculation, we begin with some
general considerations. The 1-loop contributions to
Pgg, Pgm involve an integral
∫
p
≡ ∫ d3p/(2pi)3 over a
loop momentum which can include contributions from
very small scales. Whether the integral converges to a
finite value or not, these scales are not modeled phys-
ically by perturbation theory. Instead, these contribu-
tions need to be isolated and removed, a procedure known
from field theory as renormalization [18, 38]. This can be
done by introducing an artificial cutoff Λ and then adding
counterterms to cancel the cutoff-dependent loop contri-
butions. The end result is that unphysical contributions
are absorbed in renormalized bias parameters of lower or-
der terms (or stochastic terms). In the following we will
describe this briefly in the context of the baryon-CDM
contributions. For this, we divide the terms in Eq. (38)
into two classes.
(i) terms constructed out of δbc, θbc and ∂
ivjbc together
with δ and Kij : these have the same structure as those
present in standard perturbation theory, and we can
use results of the latter by simply replacing Pδδ(k) with
Pδδbc(k) or Pδθbc(k), as appropriate, in the loop integrals.
As shown in [18, 38], the only terms that remain after
renormalization of the 1-loop galaxy power spectrum are
δ2, G2 ≡ (Kij)2− (2/3)δ2, and Onloc ∝ (4/5)Tr[Π[1]Π[2]],
so that the corresponding baryon-CDM terms are
bbcδδ [δbcδ], b
bc
θδ [θbcδ], b
bc
G [Gbc], bbcnloc[Obcnloc] ,
where brackets denote renormalized operators and
Gbc ≡Kij∂ivjbc − (2/3)θbcδ . (41)
None of these terms has been included in previous calcu-
lations of baryon-CDM contributions to galaxy clustering
[12–16].
(ii) terms constructed out of vbc (without derivatives)
and/or s: these have a different structure, and need to be
dealt with separately. Apart from the term v2bc considered
in [12–16], we also find new contributions from sk∂kθbc
and sk∂kδbc. All other terms either vanish by symme-
try or renormalize b1, b
bc
θ , or higher derivative terms.
Let us briefly consider the term sk∂kv
2
bc, contributing to
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P 1-loopgg , P
1-loop
gm through
〈δ(k)(sk∂kv2bc)(k′)〉 = 2〈δ(k)θbc(k′)〉
∫
p
(k · p)2
k2p4
Pδθbc(p)
=
4
3
〈δ(k)θbc(k′)〉
∫
p
p−2 Pδθbc(p) . (42)
This term is absorbed in the tree-level contribution via
the renormalized bias coefficient bbcθ , since it is given by〈δ(k)θbc(k′)〉 multiplied by a cutoff-dependent integral
[see Eqs. (21)–(22)]. Within renormalized perturbation
theory, there is no prediction for the physical bias bbcθ ,
which can only be estimated through toy models of the
small-scale physics of galaxy formation. In Sec. II, we
have provided several estimates which are summarized in
Fig. 2. These are significantly smaller than the fiducial
value adopted by [15].
To summarize, at 1-loop order the effects of baryon-
CDM perturbations on the galaxy power spectrum are
fully generally described by five additional bias parame-
ters: {
bbcv2 , b
bc
δδ, b
bc
δθ, b
bc
G , b
bc
nloc
}
. (43)
If we were to include terms of order δ2bc, θ
2
bc and higher,
this would add another four bias parameters. Extend-
ing the notation introduced by [18], we can succinctly
summarize the contributions to Pgg as
P 1-loopgg (k)
∣∣∣
bc
= 2b1P
1-loop
gm (k)
∣∣∣
bc
+
∑
O,O′bc
bObO′bcI [O,O
′
bc](k) ,
where O ∈ {δ2, G2}, while
O′bc ∈ {v2bc, δδbc, δθbc, Gbc, si∂iδbc, si∂iθbc} , (44)
with bs∂δbc ≡ −bbcδ , bs∂θbc ≡ −bbcθ . Finally, Pgm is given
by
P 1-loopgm (k)
∣∣∣
bc
= bbcδδI [δ
[2],δδbc](k) + bbcδθI [δ
[2],δθbc](k)
− bbcδ I [δ
[2],s∂δbc](k)− bbcθ I [δ
[2],s∂θbc](k)
+ bbcG I [δ
[2],Gbc](k) + bbcv2I [δ
[2],v2bc](k)
+
[(
bbcG +
2
5
bbcnloc
)
fθbc(k) (45)
− bbcθ fs∂θbc(k)− bbcδ fs∂δbc(k)
]
Pδδ(k)
+ bbc∂2δk
2Pδδbc(k) + b
bc
∂2θk
2Pδθbc(k) .
Here we have defined
fY (k) = 4
∫
p
SG2(k − p,p)F2(k,−p)PδY (p)
fs∂Y (k) =
3
7
∫
p
[Ss∂θbc(k − p,p)− 1]
× SG2(k,−p)PδY (p) ,
where Y = δbc, θbc and the kernels are given below. Fur-
ther,
I [O,O′bc](k) = 2
∫
p
[
SO(p,k − p)SO′bc(p,k − p) (46)
× PδX(p)PδY (|k − p|)
− SO(p,−p)SO′bc(p,−p)PδX(p)PδY (p)
]
,
where X = θbc for O
′
bc = v
2
bc, and X = δ otherwise, while
Y = θbc for operators involving v
i
bc, ∂
ivjbc and Y = δbc
for operators involving δbc. F2 denotes the symmetrized
perturbation theory kernel [3]. Finally, letting µ = k1 ·
k2/(k1k2),
SO(k1,k2) =

1, O = δ2, δδbc, δθbc
µ2 − 1, O = G2, Gbc
F2(k1,k2), O = δ
[2]
−µk2/k1, O = si∂iδbc, si∂iθbc
−µ/(k1k2), O = v2bc
.
In the definition of I [O,O′] and fs∂Y , we subtract the con-
stant contribution for k → 0 that is present for O 6= δ[2],
since it renormalizes the galaxy shot noise. Note this is
not done in [14], resulting in relatively large contribu-
tions from v2cb at low k which in practice are absorbed in
the shot noise. We have neglected any contribution from
baryon-CDM perturbations to the matter power spec-
trum Pmm(k)|bc. At low redshifts, these are expected to
be much smaller than those introduced by galaxy biasing
[7].
Fig. 4 shows a subset of the terms in P 1-loopgg . We only
show I [δ[2],O′bc] since these are slightly larger than the
others, I [δ2,O′bc], I [G2,O′bc], while the scale dependence is
essentially identical. The left panel shows terms involv-
ing v2bc, ∂
ivjbc, while the right panel shows those con-
taining δbc. In the latter case, we also show the leading
higher derivative term [last line in Eq. (45)]. Further,
we do not show all terms for δbc, since their scale depen-
dence is very similar to that of the corresponding term
involving θbc. Each term is to be multiplied by one of
{bbcθ , bbcv2 , bbcδθ, bbcG , bbcnloc}, for which we do not have pre-
cise individual estimates. Instead, we rely on the scal-
ing described at the end of Sec. III A, multiplying each
term by either bbcδ = 1 (operators ∝ δbc), bbcv2 (opera-
tors ∝ v2bc) or bbcθ (operators ∝ θbc, ∂ivjbc). The 1-loop
contributions are smaller than the linear order contribu-
tions on large scales, while the 1-loop terms involving
v2bc and θbc are comparable. This validates the count-
ing of baryon-CDM contributions, and confirms that we
can neglect the higher order terms in δbc, θbc. However,
note that this ranking assumes bbcv2 ∼ 0.01σ−2vbc [Eq. (7)];
a significantly smaller value of bbcv2 will make the terms
∝ θbc, ∂ivjbc relatively more important.
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FIG. 4: Baryon-CDM relative velocity (∝ θbc, v2bc, left panel) and density (δbc, right panel; note the different scale) contributions
to the galaxy power spectrum at 1-loop order (absolute magnitude at z = 1.2), relative to the linear matter power spectrum.
Terms involving v2bc have been scaled by b
bc
v2 = 0.01σ
−2
vbc(z) [Eq. (7)], while terms involving θbc, ∂
ivjbc are scaled with b
bc
θ =
6.8/[(1+z)H0] [Eq. (20)]. Terms involving δbc in the right panel are scaled with b
bc
δ = 1. For δbc, we also show the leading higher
derivative term (magenta short-long-dashed, assuming R∗ = 5h−1 Mpc). For comparison, we also show the corresponding linear
order contributions from Fig. 3, Pδθbc(k) (left) and Pδδbc(k) (right), respectively, and illustrate the level of standard nonlinear
contributions via the matter 1-loop power spectrum (dotted line).
IV. GALAXY VELOCITIES
In order to describe the observed statistics of galaxies,
we also need a description of galaxy velocities, since they
affect the statistics via redshift-space distortions (see [39]
for a review). Thus, we now derive the contributions of
baryon-CDM perturbations to galaxy velocities. The re-
lation between the velocities of galaxies and that of mat-
ter, referred to as velocity bias, is severely constrained by
the equivalence principle. Specifically, in the bias expan-
sion of the local relative velocity between galaxies and
matter,
vg,rel(x, τ) = vg(x, τ)− vm(x, τ) , (47)
we can only allow for local observables to appear, just
as in the expansion of the galaxy density field. Since
vg,rel is a vector, this implies that only higher-derivative
terms can contribute for adiabatic growing-mode initial
conditions, specifically vg,rel ∝ ∂∂∂Φ [17, 21].
At linear order in perturbations, there are three con-
tributions from baryon-CDM perturbations up to second
order in derivatives, namely
v
(1)
g,rel(x, τ) = β
bc
v (τ)vbc(q)
+ βbc∂δ(τ)∇δbc(q) + βbc∂θ(τ)∇θbc(q) , (48)
where we denote coefficients in the bias expansion of vg,rel
with βO. Here, one expects the second and third terms
to scale as R2∗, where R∗ is the spatial nonlocality scale
of galaxies. On the other hand, βbcv does not necessarily
scale with R∗ but is expected to be at most of order one.
To see this, recall that at linear order, the baryon and
CDM velocities are each given by a linear combination
of vbc and vm [see above Eq. (32)]. Thus, if β
bc
v = −fb,
then galaxies comove with the baryon fluid vg = vb. Con-
versely, if βbcv = 1 − fb, then vg = vc corresponding to
galaxies comoving with CDM. One would expect these
two cases to bracket the physically reasonable range of
βbcv .
This term is unique to the baryon-CDM relative veloc-
ity mode. Note that there is no contradiction with the
statements regarding velocity bias made above: first, the
baryon-CDM perturbations are imprinted in the initial
conditions, whereas the statements of [17, 21] apply to
velocity bias induced by nonlinear evolution from adia-
batic initial conditions. Second, baryon-CDM perturba-
tions are themselves induced by causal physics around
decoupling. For scales much larger than the sound hori-
zon at decoupling (and neglecting any contributions from
reionization), vbc is indeed proportional to three deriva-
tives of the potential in agreement with the argument
made above, as can easily be verified using the output of
Boltzmann codes.
Let us consider the contribution of the first term in
Eq. (48) to the linear galaxy power spectrum in redshift
space:
P s,lingg (k, µ) = (b1 + fµ
2)
[
(b1 + fµ
2)Pδδ(k) + 2b
bc
θ Pδθbc(k)
+ bbcδ Pδδbc(k)−
βbcv
aH
µ2Pδθbc(k)
]
,
where f ≡ d lnD/d ln a is the linear growth rate, and µ is
the angle of k with the line of sight. Here we have again
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neglected terms quadratic in baryon-CDM perturbations.
The term ∝ Pδδ(k) is the standard Kaiser redshift-space
power spectrum [40]. Clearly, the baryon-CDM contri-
butions lead to a bias in the estimate of the growth rate
f using the large-scale galaxy power spectrum if not ac-
counted for.
The second and third term in Eq. (48) are analogous
to the higher derivative terms encountered in the bias
expansion for adiabatic modes. Note that ∂iθbc = ∂
2vibc
since vbc is longitudinal. Physically, they are induced by
the nonlocality of galaxy formation discussed in Sec. II C;
both βbc∂δ and β
bc
∂θ scale as R
2
∗, as any filtering on the
scale R∗ in the absence of preferred directions has to
scale quadratically with the filter scale. Thus, we expect
βbc∂θ ∼ R2∗, while βbc∂δ ∼ HR2∗, where the latter estimate
is based on adding a term bbc∂2δ∂
2δbc to δg and then using
the approximate scaling based on a continuity equation
for galaxies, θg = −δ′g.
At nonlinear order, we have to allow for all combina-
tions of local observables that transform like a vector to
appear in the expansion of vg,rel. That is, these terms
should be constructed out of R+, R−, ∂iR
j
− and Π
[n]
ij in-
troduced in Sec. III A and spatial derivatives thereof. Re-
stricting to terms second order in perturbations, but lin-
ear in baryon-CDM contributions, and at the same order
in derivatives as Eq. (48), we have
vig,rel
∣∣∣
2nd
⊃ vibcTr[Π[1]] , vjbcΠ[1]ij , ∂iδbcTr[Π[1]] ,
∂jδbcΠ
[1]
ij , ∂
iθbcTr[Π
[1]] , ∂jθbcΠ
[1]
ij ,
∂i∂kvmbcΠ
[1]
km , ∂
2vmbcΠ
[1]
im , (49)
where as always Π[1] is evaluated at (x, τ) while vbc, δbc
are evaluated at q. Here, the first two terms are expected
to have bias coefficients of order one, while the others
scale as R2∗. Clearly, the number of higher derivative
terms multiply rapidly at higher order, as is the case in
the expansion for adiabatic modes only [38].
V. CONCLUSIONS
An accurate, robust theoretical model for the statis-
tics of galaxy counts (two- and higher-point functions)
on large scales is a crucial ingredient in order to extract
cosmological constraints from large redshift surveys. Be-
yond the frequently considered adiabatic growing mode
of the total matter (baryon+CDM) fluid, relative density
and velocity perturbations between baryons and CDM,
which are induced by pre-recombination plasma oscilla-
tions, also need to be taken into account as they lead to
percent-level corrections to galaxy clustering on scales of
tens to hundreds of Mpc.
The relative velocity perturbation was first pointed
out by [11], while the relative density perturbation was
shown to exist in [5]. The contributions of the relative-
velocity perturbation to galaxy statistics on large scales
FIG. 5: The three leading contributions ∝ δbc, θbc, and v2bc
to the galaxy correlation function in real space, i.e. the real-
space version of the results shown in Fig. 3 (same line styles).
We have scaled each contribution by the number indicated, in
order to illustrate the shape and position of the BAO feature
in each contribution. The term bbcδ Pδδbc(k) is expected to
yield the most significant systematic shift of the BAO scale.
were studied in [12–16]. Refs. [12–14, 16] only considered
the term δg ⊃ bbcv2v2bc. Recently, this was applied in [41]
to the galaxy three-point function of the BOSS CMASS
sample to put an upper limit on bbcv2 . However, Ref. [15]
pointed out that there are additional terms induced by
the fact that the relative velocity amplitude has to be
evaluated at the Lagrangian position. In particular, they
effectively obtained a linear order term bbcθ θbc which had
previously not been considered.
Here, building on recent results on the general bias ex-
pansion for galaxies and other tracers [17, 21], we have
given a complete and consistent perturbative description
of the effect of baryon-CDM perturbations on galaxy
clustering, which contain the effects introduced by [11]
and [15] as well as [5]. We perform a consistent renor-
malization of the bias parameters (as first proposed by
[19]), and show that the term bbcθ θbc, treated as third or-
der in [15], is to be considered a linear order contribution
to the galaxy density. Note that this implies that there
are additional contributions to the leading galaxy three-
point function as well, in particular δ θbc and s
i∂iθbc and
the corresponding terms involving δbc, which have so far
not been included in [16, 41].
We also explicitly derive, for the first time, the baryon-
CDM contributions to the galaxy velocity (Sec. IV),
which are important to model observed galaxy statistics
which are affected by redshift-space distortions.
We then use the general bias expansion to derive the
complete contributions to the linear (Sec. II D) and 1-
loop (Sec. III B) galaxy two-point functions. Three phys-
ical effects can be distinguished: the constant compen-
sated mode δbc, which effectively modulates the local
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baryon-CDM ratio; divergence and shear in the relative
velocity θbc, ∂
ivjbc, where both δbc and θbc enter at lin-
ear order; and the relative velocity itself, which enters as
v2bc at lowest order (in the galaxy density; it does enter
at linear order in the galaxy velocity). Using physical
models of the bias parameters (Sec. II) for the δbc and
θbc contributions, we estimate that the constant compen-
sated mode δbc is the most important baryon-CDM ef-
fect on galaxy clustering by a significant margin on large
scales. The bias bbcv2 is the most theoretically uncertain,
and this contribution could be either larger or smaller
than the velocity divergence effect which is estimated as
bbcθ ∼ 7H−10 (b1 − 1)/(1 + z). The terms appearing at
1-loop order are generally even smaller than the linear
order contributions. However, it is important to include
all, if any, of the 1-loop contributions in order to have
a consistent model. Sec. III B provides all the necessary
expressions for this (although redshift-space distortions
also need to be taken into account).
Of particular importance are the baryon acoustic os-
cillation (BAO) features imprinted on the baryon-CDM
contributions, which are able to shift the BAO feature in
the galaxy power spectrum, and thus systematically bias
this standard ruler. Note that this applies in principle
to all three contributions ∝ δbc, θbc, v2bc shown in Fourier
space in Fig. 3. This is illustrated in Fig. 5, which shows
these terms in real space. Clearly, all three contributions
exhibit a prominent BAO feature that is shifted, to vary-
ing degrees, from that in the growing mode. Neverthe-
less, none of these contributions is expected to exceed the
1% level, so that current BAO constraints are very likely
to be unbiased within error bars. Marginalizing over
the leading additional bias parameters introduced here
will remove any potential systematic bias introduced by
primordial baryon-CDM perturbations in future, larger
surveys. Beyond the BAO feature, the baryon-CDM
perturbations also change the broad-band shape of the
galaxy power spectrum, and change the anisotropy of
the power spectrum in redshift space, as discussed in
Sec. IV. Thus, taking these contributions into account
is just as important for measurements of the growth rate
f = d lnD/d ln a from galaxy redshift surveys.
For the practical analysis, physical estimates of the
bias parameters such as those presented in Sec. II and
Sec. IV will be highly useful. Clearly, there is signifi-
cant room for refining these estimates through both semi-
analytical and fully numerical approaches.
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Appendix A: Transfer functions
The linear predictions for the total matter density per-
turbation as well as the baryon-CDM perturbations can
be taken from the Boltzmann solver CAMB [26]. How-
ever, some subtleties need to be observed when taking
CAMB transfer functions as initial conditions for pertur-
bation theory calculations or N-body simulations. The
latter calculations assume matter (or dark energy) domi-
nation, and ignore radiation as well as neutrinos, in par-
ticular the significant neutrino anisotropic stress at early
times. Suppose one took the CAMB transfer function at
some high redshift zin & 50. Then, standard perturba-
tion theory and N-body codes would not yield the correct
linear evolution of perturbations. Moreover, results will
depend on the initial redshift chosen (see [9] for a nice
description of this issue). Thus, in order to ensure that
the correct linear evolution at low redshifts is recovered,
the following procedure should be adopted:
1. Obtain CAMB transfer functions Tb(k), Tc(k) for
baryons and CDM, as well as Tvbc(k) for vbc, at low
redshifts. Here we assume z = 0.
2. Match to the linear modes derived in Sec. I,
R−(k) =
k
H0
Tvbc(k)
Tm(k)
δm(k, 0)
R+(k) =
Tb(k)− Tc(k)
Tm(k)
δm(k, 0)−R−(k)Dr(τ0) ,
where δm(k, z = 0) ∝ Tm(k)A1/2s , Tm = fbTb+(1−
fb)Tc, is the standard growing-mode total matter
density perturbation. In practice, the second term
∝ R− in R+ is a small (less than 1%) correction.
3. Using the linear solution that is exact for matter+Λ
[Eq. (3)], calculate δm(k, zin), δr(k, zin) at the de-
sired initial redshift zin.
δb(k, zin), δc(k, zin) are then trivial linear combinations of
δm, δr and can be used as initial conditions for N-body
codes or perturbative calculations. Only this particular
matching is guaranteed to recover the correct linear evo-
lution at low redshifts.
Appendix B: Spherical collapse
In this appendix we provide more details on the spher-
ical collapse calculation of Sec. II B. Following the no-
tation of App. A in [42], we replace t with ln a as time
coordinate and introduce
ys(a) =
Rs(a)
Rin
− a
ain
, s = c, b , (B1)
where the second term subtracts out the Hubble flow.
This implies that ys(ain) = 0 and
1 + δs(a) = [1 + δs(ain)]
[ain
a
ys(a) + 1
]−3
. (B2)
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We choose ain = adec = 10
−3. Further, we have
Rb
Rc
=
yb + a/ain
yc + a/ain
. (B3)
Denoting derivatives with respect to ln a as primes, the
equation for ys then is (this is a generalization of Eq. (A9)
in [42])
y′′s +
H ′
H
y′s −
(
1 +
H ′
H
)
ys = −1
2
Ωm(a)
(
a
ain
+ ys
)
Gs
Gs =
∑
t=c,b
ft
{
δt , Rt ≤ Rs
max{0, (1 + δt)(Rs/Rt)3 − 1} , Rs < Rt
.
(B4)
The source term Gs is continuous, but not differentiable
at Rb = Rc, where it reduces to Gb = Gc = δm.
This means that the response of the tophat evolution
to θbc around θbc = 0 is ill-defined, since we attempt
to take a derivative at precisely this point. For this rea-
son, we perform a continuously differentiable cubic spline
interpolation between the two branches in the interval
1 ≤ Rb/Rc ≤ 1.1 (we have verified that the upper end of
the range has negligible impact on the results). This cor-
responds to slightly smoothing the tophat density profiles
of the shells. Crucially, the interpolation matches the ex-
act result at Rb = Rc, and so ensures that the evolution
is correct at linear order.
We now derive the initial conditions. At ain we wish
to impose
δc(ain) = δc,dec; δb(ain)
∣∣∣
θbc=0
= fδ,decδc,dec , (B5)
where we use linear theory for the initial conditions, and
δc is assumed to be in the growing mode. Our default
choice is fδ,dec = 0 (Sec. II B), but we allow for nonzero
values here. Using that
δc,dec =A+D+(τdec) (B6)
δb,dec − δc,dec =R+ + θbc,0
H0
Dr(τdec)
we can then trade the three mode amplitudes
A+, R+, R− for δc,dec, fδ,dec, θcb,0 via
R+ =
fδ,dec − 1
1 + (fδ,dec − 1)fb δc,dec . (B7)
Note that even for fδ,dec = 1 (R+ = 0), δb,dec 6= δc,dec
due to the second term in Eq. (B6). Neglecting this
term would lead to a spurious constant contribution to
δb − δc which is proportional to (θbc/H)dec. Finally,
note that θs = 3H(H−1R˙s/Rs − 1). We thus have
y′s(ain) = −δ′s(ain)/3. With these relations the initial
conditions for the spherical collapse are completely spec-
ified in terms of δc,dec, fδ,rec, θcb,0.
Fig. 6 shows the resulting collapse threshold as a func-
tion of θbc,0/H0. The red filled triangles show the de-
fault case (fδ,dec = 0), while the dotted line shows the
FIG. 6: Collapse threshold δcrit(z = 1.2) as a function of
θbc,0/H0 for different initial conditions and cosmologies (see
text). The red filled triangles correspond to the default case
discussed in Sec. II B.
result for an Einstein-de Sitter universe. Specifically, we
set Ωm → 1 while adjusting Ωb to keep fb at the same
value as in the fiducial cosmology. Further, since the
physically relevant quantity is (θbc/H)dec, we plot the
Einstein-de Sitter result as a function of
√
Ωmθbc,0/H0,
where Ωm = 0.27 is the fiducial value. We see that the
effect of θbc on δcrit is only very weakly dependent on
cosmology. The green stars in Fig. 6 show the result
obtained when forcing the same gravity to act on both
shells, by setting Rb = Rc in the evaluation of Gs in
Eq. (B4). This shows that our results are insensitive to
the details of the spline interpolation used in the eval-
uation of Eq. (B4). Finally, the blue open triangles in
Fig. 6 show the result for setting fδ,dec = 1. In this case,
both matter components have the same overdensity ini-
tially and only differ via R˙b 6= R˙c (recall that both shells
always have the same initial radius). In this case, θbc = 0
corresponds approximately to a local minimum in δcrit.
As argued in Sec. II B however, we expect fδ,dec = 0 to
be the physically relevant case.
In the previous preprint version of this paper, we re-
ported a slope ∂δcrit/∂(θbc,0/H0) that is roughly one or-
der of magnitude higher than the value given here. That
result is incorrect and affected by three issues. First, the
previous implementation of initial conditions included a
spurious contribution to R+ proportional to (θbc/H)dec
[see discussion after Eq. (B7)]. Second, different initial
radii of the baryon and CDM shells were used, which re-
sults in an evolution that does not follow linear theory
initially. Finally, the previous calculation used the non-
differentiable force term in Eq. (B4), i.e. without spline
interpolation, which further increases the slope (the dif-
ferent initial radii shift the discontinuity in the derivative
∂δcrit/∂(θbc,0/H0) away from θbc,0 = 0).
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